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WITH DROOP

Fig. 4 Photographs showing thermo-sensitive paint melt
patterns on delta wing with and without apex droop.

A comparison of the film records for the two-test con-
figurations, at 5 and 10 sec (Fig. 4) shows that drooping the
apex of the delta wing succeeded in greatly reducing the peak
heating on the entire leeward centerlime. The faint trace
of vortices apparent on the droop-apex delta may result
from a slight deflection of the model with wind-on, which
induced a small leeward incidence at the apex. The peak
heat-transfer rate associated with this weak vortex system
is, however, estimated from film data to be less than one-
third of the wing without droop.

Comparison with the data of Ref. 1, which showed the
peak heat-transfer rate in the presence of vortices to be
approximately three times the two-dimensional laminar
boundary-layer calculation, suggests that the lee-surface
heating on the droop-nose delta has been reduced to a level
comparable with the two-dimensional laminar value. Inter-
estingly, the spanwise variation of heat-transfer rate on a
flat plate, reported in Ref. 3 and ascribed to longitudinal
vortices generated within a laminar boundary layer, contain
peaks similar in magnitude to those measured on the un-
drooped delta wing.

Together with the flow visualization studies mentioned
earlier, the near-elimination of lee-meridian heating achieved
by apex-drooping may be taken to favor the original con-
jecture that, at least at low incidence angles, the vortices
arise as a result of cross flow within the laminar boundary
layer.

A detailed analysis of the fluid-dynamic phenomenon in
the apex region remains to be attempted; however, an in-
tuitive approach may be taken, keeping in view the well-
known two-layer model of the hypersonic laminar boundary
layer,* consisting of a wall region of greatly reduced momen-
tum flux and an outer layer. We consider the development
of the boundary layer in a three-dimensional interaction in
the region of rising pressure between the leading edge and
the plane of symmtery, associated with the realinement of the
inviseid streamlines initially bent inwards due to expansion
of the freestream around the leading edge.s

The low momentum fluid, unable to penetrate the adverse
pressure gradient, will be turned axially much earlier than
the flow in the outer layer. This skewed boundary layer
would then be expected to develop longitudinal vorticity
concentrated at the junction of the two layers and in the
region of the maximum pressure gradient on the wing surface.
The resulting symmteric contrarotating pair of embedded
vortices, much like the vortex pair following separation on
delta wings, will act to drain the boundary layer away from
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the plane of symmtery, leading to increased shear and heat-
transfer rate on the centreline.

A direct experimental confirmation of the existence of em-
bedded vortices is desirable since they appear to be a plausible
alternate mechanism to explain leeward heating peaks which
until now have been exclusively related to separation vor-
tices. The embedded vortex phenomenon, which might be
common to three-dimensional boundary-layer flows on lifting
bodies, appears worthy of investigation as it may hold the
key to the practical problem of determining and controlling
lee-side heating on hypersonic configurations.

In conclusion, it has been shown that the vortex-associated
peak heating on the lee-side meridian of a delta wing at hyper-
sonic speed can be practically eliminated by aligning the
apex region with the freestream. The result suggests that
the vortices are generated within the apex zone as a result of
cross flow in the laminar boundary layer.
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Supersonic Nozzle Discharge
Coeflicients at Low Reynolds Numbers
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Nomenclature
A(y) = function of v defined in Eq. (8)
B(y) = function of v defined in Eq. (9)
Co = discharge coefficient
d, = nozzle throat diameter
() = function of v defined in Eq. (11)
M = Mach number in the nozzle isentropic core
Re = nozzle throat Reynolds number, 4Wideat/7d o
r = nozzle radius
Te = radius of curvature at the nozzle throat
ry = nozzle throat radius
u = velocity in the boundary layer
Us = slip velocity at the nozzle wall
U = velocity in the isentropic core
Wigess = one-dimensional ideal flowrate through the nozzle
z = axial coordinate along the nozzle contour
Y = coordinate measured normal to the nozzle contour
v = ratio of specific heats
3 = boundary-layer thickness
5* = displacement thickness
7 = dimensionless boundary-layer thickness, y/8
6 = momentum thickness
o = viscosity in the nozzle stagnation chamber
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Introduction

OZZLES utilized for microthrustor propulsion, low

density wind tunnels, and metering of small quantities
of fluid often operate at low Reynolds numbers. The
laminar boundary layer for many of the operating conditions
becomes quite thick and causes a significant decrease in the
discharge coefficient (the ratio of the actual flow through a
nozzle to the ideal, one-dimensional flow).

Nozzle discharge coefficients in the region of low throat
Reynolds numbers have been measured by several investi-
gators.!=¢ Differences in the nozzle geometries produced
significant differences in the measured discharge coefficients
at a particular throat Reynolds number. Analytic repre-
sentations have been limited either to a semiempirical de-
scription for a particular nozzle geometry? or to a finite
difference solution of the Navier-Stokes equations in the
slender channel approximation.”

The objective herein is to present a simple formula for
calculation of the discharge coefficient in the throat Reynolds
number range of 50 to 10° for a wide range of nozzle geomet-
rical configurations. The formula obtained is based on an
analytic approach modified by experimentally obtained re-
sults. In the process of obtaining this formula, the nature
of the boundary-layer thickness in the nozzle throat region
was thoroughly investigated.

Theoretical Approach

The discharge coefficient for flow through a nozzle may
be written from the continuity equation

CD = (7';2 — 27}6*3)/7}2 (1)

Thus, it is only necessary to calculate the displacement thick-
ness at the nozzle throat. The method of calculation is
described below.

Because of the flow acceleration in a nozzle, the boundary-
layer and momentum thickness reach their minimum values
at, or quite near, the nozzle throat. This observation plus
the knowledge of the axial change of Mach number in the
isentropic core provides a simple means for caleulating the
displacement thickness. The boundary-layer equations then
only need be solved algebraically at the nozzle throat to ob-
tain the discharge coefficient. This is in contrast to the more
complex solution of integrating the boundary-layer growth
from some starting point upstream.

For practical calculations, the boundary-layer properties
can be determined by the integral method employing a one-
dimensional inviscid core and a sine-are velocity profile in
the boundary layer having the form

(w — u)/(U — uy) = sin(ry/2) )

The density in the boundary layer is then determined for the
adiabatic flow approximation, with uniform pressure across
the boundary layer.

The formulation of the boundary-layer equations is based on
the following assumptions: 1) The displacement thickness
is & minimum at the nozzle throat. 2) Curvature effects can
be neglected (/7 « 1). 3) Velocity slip effects at the wall
can be neglected (u. >~0). 4) The flow is adiabatic.

The integral momentum thickness then becomes®

dé = r dr.\? 6 dr

@*2?[”(3}‘)]‘7"&;—

1[2—M2 —35__(5*/0)} aM
1

it ir=nene e ©

The relation between the momentum thickness and the
boundary-layer thickness may be obtained by inserting Eq.
(2) in the expression for the momentum thickness for com-
pressible flow over a flat plate® and integrating. The result
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and the relation between the displacement thickness and the
boundary-layer thickness may be found in a similar manner

a2 () e [(5))
| ()

The wall slope, dr/dz, is zero at the throat for a nozzle
with a continuous throat radius of curvature and the axial
change of Mach number in the one-dimensional, inviscid
core at the nozzle throat may be written as'

M| Ty 41\ 1 e
——le—[< 2 )rcr,] ©)

dz

Equations (4) and (5) may be used to relate df/dx to 6* and
M. The result for the case where dé¥/dz = 0 and M = 1is

d_g] _ 5* _ ( 2 >1/2
el A(Y) (B(V) vy+1 T

(B(v) + Aly) — 1)+( 4 )[1 — B(v)]}c_lﬂé_' @
A(y) v+ 1 A) Az |1
where
Ay =1 - %(7—3—1)”%3]}—1 (—~7 - 1) ®)

and

[y + 1)/2]" — 1
(v —1/2

An expression for the discharge coefficient may then be ob-

tained by setting M = 1 and dr/dx = 0 in Eqgs. (3, 4,and 5)

and solving Eqgs. (1) and (3-7) simultaneously. The resultis

B(y) =

9)

Cp =1 — (r/r)V*(1/Re)V2f () (10)
where
) TA(y) 12
R *
for) = 24(9) (”2 ) [A M)+ BO) =14+ gy
?( 2 )1/2 B( ):l
r\y +1 ¥
or
flv) ~097 + 0.86 v (12)

Experimental Program

An experimental program was conducted to determine the
validity of the theory for calculating the discharge coefficient.
Measurements were taken at the throat Reynolds numbers
less than 1000. Three cases were examined: 1) a nozzle
with r./r, = 2 and argon gas, 2) a nozzle with r./r, = 20 and
argon gas, and 3) a nozzle with r./r, = 20 and nitrogen gas.
The nozzles tested were 1 mm in diameter at the throat and
had conical inlet and outlet angles of 20°. The outlet ex-
pansion ratio of these nozzles was 16. A description of the
test apparatus is given below.

The nozzle which exhausted into a bell jar (Fig. 1), was
attached to a cylindrical tube that served as the stagnation
chamber. The nozzle exhaust pressure in the bell jar was
maintained between 10 and 30 p for most of the tests by a
6 in. diffusion pump backed by a 13-cfm mechanical pump.
The pressure in the stagnation chamber was monitored by
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inclined manometers having scale ranges of 0 to 8 in.
spread over 30-in. inclines. Meriam D-3166 indicating
fluid that has a specific gravity of 1.04 and a vapor pressure
of 104 Torr was used for pressure measurements in the nozzle
throat Reynolds number range of 40 to 250; mercury was
used for the manometer fluid for pressure measurements in
the nozzle throat Reynolds number range of 300 to 700. In
operation, one side of an inclined manometer was evacuated
and the other side was used to monitor the nozzle stagnation
pressure. Mass flow through the nozzle was determined
by an anemometer-type probe. The probe utilized was a
Thermo-Systems N35-10 mass flow sensor that had a 0.006-
in. film diameter. The probe output was monitored by a
digital voltmeter.

Results and Discussion

A comparison of the theory with the experimental data is
shown in Fig. 2. Good agreement was obtained for the case
with argon gas and r./r, = 2. At small values of r./r, the
one-dimensional approximation, used to account for the
change of Mach number in the inviscid core, compensates for
neglecting slip and curvature effects. However, for large
values of r./r,, predicted values of the discharge coeflicient
using Eq. (10) were low. At large values of r./r,, the one-
dimensional approximation used to account for axial Mach
number effects is more nearly correct and does not com-
pensate for neglecting slip and curvature effects.

Although the predictions of discharge coefficient by Eqg.
(10) are low at large values of r,/r,, the dependence on v as
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Fig. 2 Discharge coefficient—comparison of theory [Eq.
(10)] and experiment.

a function of Reynolds number is seen to be valid. Conse-
quently, Eq. (10) was extended to account for0 < (r./r,) < 20
as explained below. The modified equation is

Oy — (&.ﬂ&t 0019
2T \r. 407571,

r. + 0.10 7,\%2t /1 \V/?
[“(7‘) (@> f(v)} (13)

The factor [(r. + 0.05 r)/(r. + 0.75 r,) ]9 represents an
approximation to the inviscid solution at high-throat Reyn-
olds numbers. Its choice was motivated by a compilation
of data at high Reynolds numbers!'—1® and data presented
by Lefkowitz® for a rapidly convergent, essentially sharp-
edged nozzle at low Reynolds numbers. Choice of [(r. +
0.10 r,) /r:]° 2 was based on the data herein for r./r, = 20.

Comparison of predictions of the discharge coefficient by
Eq. (13) with experimental data of this study is shown in
Fig. 3 and with the data of Smetana? for r./r, = 4.42 in Fig.
4. (The throat Reynolds number used by Smetana is equal
to that used in this study multiplied by Cp.) The agreement
between theory and experiment is seen to be good over the
Reynolds number range of 30 to 104

Conclusions

Characterization of the boundary layer at a supersoniec
nozzle throat may be based on the assumption that the dis-

placement thickness reaches a minimum there. The effect
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Fig. 3 Discharge coefficient—comparison of theory [Eq.
(13)] and experiment.
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Fig. 4 Discharge coefficient—comparison of theory [Eq.
(13)] and experimental data from Ref. 2.

of velocity slip on the discharge coefficient is significant at
throat Reynolds numbers less than about 10%. The effect
of curvature becomes important at Reynolds numbers on the
order of 2 X 102,

Equation (13) is intended to be used for predicting dis-
charge coefficients for supersonic nozzles for 0 < (r./r) <
20 and 50 < Re < 105 At throat Reynolds numbers greater
than 105 the boundary layer at the throat is turbulent so
that the laminar theory presented in this paper is no longer
applicable. At throat Reynolds numbers less than 50, the
boundary layer may fill the entire throat. For the velocity
and density profiles used in this study, this occurs at Cp ~
0.4 (when u, = 0). When the boundary layer fills the entire
throat, the flow may not necessarily choke (e.g., Fig. 1, Ref.
2) and the discharge coefficient may be strongly dependent
on the back pressure. Thus, for these extremely low Reyn-
olds numbers Eq. (13) is no longer applicable.
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Sharp Slender Cones in
Near-Free-Molecule Hypersonic Flow

M. I. Kussoy,* D. A. Stewarrt,}
AND C. C. HorsTMAN]
Ames Research Center, NASA, Moffett Field, Calsf.

N the near-free-molecule-flow regime, only limited data

drag for slender cones are currently available."? This
Note presents additional drag measurements in this flow re-
gime, obtained in air as well as hellum. These results,
which extend the data of Refs. 1 and 2 to higher Knudsen
numbers, were obtained for cones with half angles from
2.5° to 10° at Mach numbers of 24 and 27 for air and 35
for helium. The Knudsen number based on cone diameter
(Ao/D) varied from 0.01 to 5.

The data were obtained in the Ames 42-Inch Shock Tunnel.
The general operation and calibration procedures of this
facility using a combustion driver are described elsewhere.?4
For completeness, a short discussion of how the freestream
properties were determined for these tests will be given. The
stream properties for the air tests were obtained from static
and impact pressure measurements by a method* that as-
sumes the air to be in equilibrium from the reservoir to an
arbitrary point in the nozzle where chemical reactions and
molecular vibrations are thereafter frozen.® At the present
test conditions (M. = 24 and 27), static pressure measure-
ments in the test section are unreliable because of the large
corrections necessary to account for low-density -effects.
Therefore, the freeze Mach number for each test condition
was determined using static and impaet pressure measure-
ments taken upstream in the conical nozzle where corrections
for low-density effects on the static pressure probe were less
than 109%. The freestream properties in the test section
were then obtained using the upstream freeze Mach number,
an impact pressure measurement in the test section, and a
one-dimensional nozzle expansion computer program. To
insure that the impact pressure measurement at the test
station was free from rarefaction effects, probes of several
diam. (0.5 to 4 ecm) were used. The measured results indi-
cated that these effects were negligible for probe diameters
greater than 1.5 cm. The accuracy of the measured run-to-
run variation of normalized dynamic pressure was £5%;
other stream properties as derived from computations of an
expanding frozen flow of known active energy are estimated
to be within =109%,.

With helium as a test gas the freestream properties were
readily defined, because at the low reservoir enthalpy (2.4
KJ/gm), helium acts as a perfect gas in equilibrium. There-
fore, measurements of the freestream impact pressure,
reservoir total pressure, and total enthalpy completely
specified the freestream properties. The accuracy of these
properties, including run-to-run variation of normalized
dynamic pressure, was within +5%,.

Received April 29, 1971.

* Research Scientist. Member ATAA.

t Research Scientist. Member ATAA.

1 Research Scientist. Associate Fellow ATAA.



